We prove the concavity of the power of a solution is preserved for a class of doubly nonlinear parabolic equation, which is a well-known feature in some particular cases such as the porous medium equation or the parabolic p-Laplace equation.
Introduction and main results
In this paper, the geometric quantity preserved in a kinds of double nonlinearity equations is concerned, which may give us the convexity of level sets of the solution. where for some n ≥ 2, t ∈ [0,T] for some T < ∞, and m > 1, m(p−1) > 1. Eq. (1.1) has been extensively studied, see [2, 12, [14] [15] [16] 29] and their references; for a survey see [12] . In particular, (1.1) has a double nonlinearity as follows:
(a) For p = 2, it is the porous medium equation These two limit cases are prototypes for the main features presented by the solutions of (1.1) and are extensively studied in the literature (see, e.g., [3, 9, 12, 19, 25, 28] for the porous medium equation and [8, 12, 13, 23, 27] for the p-Laplacian).
The geometric quantity preserved in various equations that gives us the convexity of level sets of the solution, with such as idea (1.2) and (1.3) were studied in [9] and [23] , respectively. We will be concerned with the geometric quantity preserved of the nonnegative density u for the following Cauchy problem.
We consider the behavior of the solution u in a neighborhood of the free boundary by considering a pressure v
where α is a constant to be determined, we then have a equation
we chose a number α such that
Thus, v satisfies
which is studied in [8, 12, 13, 23, 27] .
which is studied in [3, 9, 12, 19, 25, 28] .
We have the following main theorem for free boundary value problem. 
Preliminary results
Concerning the initial condition, we take u 0 (x) ≥ 0 and sptu 0 to be bounded. 
(ii)
for every smooth test function ϕ ≥ 0 with compact support in Q, and (iii) the initial data is taken in the following sense:
Remark 2.1. Existence and uniqueness results of (1.4) may be prove as in [17] , see also [27] for a gradient flow methods, Moreover, related equations are obtained in [12, 28] etc.
Remark 2.2. ([15]) The weak solution u(x,t) is nonnegative since
is bounded, which is from the self-similar Barenblatt solutions
Power concavity is preserved
The methods in this section from mainly section 3 in [23] . As in the process of study degenerate equation we make the classical computations by approximate the solution v as following equation
where q will be determined in following process. For each ε > 0, (3.1a) has a smooth solution v ε , we denote still it by v for convenience in expression.
Setting v = w p p−1 , where β is a constant to be determined. We will show that the concavity of w is preserved for t, that is power concavity of v is preserved.
Firstly, we calculate the parabolic equation of w as follows:
Thus, The proof of the p-Laplacian case for Lemma 3.1 can be found in [23] . We prove Lemma 3.1 here using the main idea in [23] . We are going to show that
is nonpositive, where a suitable φ(t) will be chosen later. 
The main idea is that we obtain a parabolic equation of Φ, which implies the maximum point cannot in interior by maximum principle. As [23] , we can not use the parabolic equation of w kk directly, so we are going to modify Φ by changing the direction in which the second derivative is taken, namely,
and a suitable c 1 will be chosen later, we find that ξ α (0) = δ α1 and the space derivatives of ξ α at 0 as follows:
Moreover the new Φ achieves still it maximum value zero at the same point,
Taking derivative of (3.2) with respect to the directions α and β: 
At the maximum point (0,t 0 ), from (3.3) and (3.6), we have
Owing to (3.3), (3.5) and (3.8), we have at the maximum point (0,t 0 ), 
+C(φ(t)+φ(t)
2 )−φ t (t), (3.14) where we chose c 1 such that w 1 (0) = w(0)c 1 . Consequently, 15) where the last line holds since we choice a small positive function φ(t) such that C(φ(t)+ φ(t) 2 )−φ t (t) < 0. This leads to a contradiction. Boundary Case. In this case, the maximum point (x o ,t o ) happens on ∂{v ε > 0} and
where (y 0 ,s 0 ) is any other point of ∂{v ε > 0}. Noting that (3.16) which implies e 1 should be tangential direction to 
We first claim that v ε ii (x 0 ,t 0 ) = 0 for i = 1,··· ,n−1. Indeed, for any i = 1,··· ,n−1, (3.17) and then, 0 = lim
ii (x 0 ,t 0 ). > 0, (3.19) as the approximated boundary is strictly convex. This implies the second claim : v ε,δ
ii (x 0 ,t 0 ) > 0.
